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We discuss some differences in tfie properties of botli even and odd Fedosov 
p) • and Riemannian supermanifolds. 

A Fedosov supermanifold {M,uj,T) is defined as a symplectic supermanifold (M, w) 

^> ' equipped with a symmetric connection T (or covariant derivative V) compatible with 

^ ' a given symplectic structure uj: wV = Oo In local coordinates {x*}, e(x*) = ej, on 

■ the supermanifold M the symplectic structure is lu = uJijdx^ A dx*, ujij = —{—ly^'^^LOji 

^ ' (Grassmann parity of the symplectic structure, e(a;), is equal to for even structure and 1 

O ' for odd structure) and the compatibility condition is uJijVk = ^ii,k — '^ijk+'^ jiki—'^Y^''^ = 

00 ' 

^ \ where Tijk = uJirX'^jk-, ^iXijk) = ^{^) + + + Cfc and r*^^ are components of the 

connection F. Notice that for a given symplectic structure to there exists a large family of 
^ \ connections satisfying the compatibility condition. 

?H ' The curvature tensor field i?* is defined in terms of the commutator of covari- 

ant derivatives, [Vj,Vj] = VjVj — (— 1)'^''^^ VjVj, whose action on a vector field T' is 

It is convenient to describe the basic properties of Fedosov supermanifolds in terms 
of the symplectic curvature tensor Rijki = uJinR^jki, ^{Rijki) = <^{i^) + ei + + e/e + 
This tensor obeys the symmetry properties 

Rijkl = -{-^T'^^'Rijlk , Rijkl = {-^Y''^^ Rjikl , (1) 

and satisfies the Jacobi identity 

i-iy^'^Rijki + {-iY'"'Rii,k + i-iY'^'Rikij = , (2) 

the Bianchi identity 

i-lY'^-Rijk^n. + i-lY"^Rijmk;l + {-lY"'' Rijlm;k = , (3) 



^We use conventions and definitions adopted in [T][2l[3]. 



1 



and the special symplectic identity 

We see that there are no formal differences in the properties of even and odd Fedosov 
supermanifolds on the level of symplectic curvature tensor. With the curvature tensor, 
Rijki, and the inverse tensor field uj^^ {uj^^ = — (— 1)'^('^)+^»'^ju;-5'*) of the symplectic structure 
ujij, one can construct the only tensor field of type (0,2), 

Kij = = R\„j e{Kij) = + e,. (5) 

This tensor satisfies the relations |1] 

[1 + {-l)<^)]{Ki, - {-ir^^K.i) = 0, (6) 

and is called the Ricci tensor. In the even case this tensor is symmetric whereas in the 
odd case there are not restrictions on its (generalized) symmetry properties. The scalar 
curvature tensor K is defined by the formula K = uj^^Kij{—lY^'^^^ . From the symmetry 
properties of Rijki, it follows that 

[1 + (-l)^(^)]i^ = 0. (7) 

Therefore as in the case of Fedosov manifolds [3] , even Fedosov supermanifolds have van- 
ishing scalar curvature K. However, for odd Fedosov supermanifolds this curvature is, in 
general, not vanishing. This fact was quite recently used in Ref. [5j to generalize the BV 
formalism [6]. 

A Riemannian super manifold {M, g, T) is defined as a metric supermanifold (M, g) 
equipped with a symmetric connection F (or covariant derivative V) compatible with a 
given metric structure g: gV = 0. In local coordinates on the supermanifold M the metric 
structure \s g = gijdx^dx"^, gij = {—ly^'^^gji (Grassmann parity of the metric structure, 
e{g), is equal to for even structure and 1 for odd structure) and the compatibility 
condition is gijVk = gij,k - ^ijk - Fjjfc(-l)'''-^^ = where Tijk = ginT'^k, (^(Xijk) = 
e{g) + ej + ej + and F*^-^ are components of the connection F. Notice that for a given 
metric structure g there exists the unique symmetric connection F which is compatible 
with a given metric structure, 

r'fci = \g''{g^3A-'^y'''+9jkA-^r'' -9HA-^y'''')i-'^y^^^ (8) 

where g^^ is the inverse tensor field of the metric gij {g^^ = (^—lY^9)+^i^j gj^ ^ e(5*"') = 
€(5) + ei + ej). 

The curvature tensor TZijki = ginK^'jki {^{T^ijki) = eig) + + ej + efc + ei), obeys the 
symmetry properties 

T^ijki = -{-ly-^'Tlijik, Uijki = -{-lY^'^Tljiki, Tlijki = 7^fe^iJ(-l)(^»+^^)(^'=+^') (9) 

and satisfies the Jacobi identity ^ and the Bianchi identity ([3]). Again we find that on 
the level of the curvature tensor there are no differences in the basic properties of even 
and odd Riemannian supermanifolds. 
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Prom the curvature tensor TZijki and the inverse tensor field g^^ of the metric gij one 
can define the only tensor field of type (0, 2): 

T^ij = n'^ikji-lY"^''^'^ = /"7^„ifc,(-l)(^'=+^")(^(3)+^)+^'^^ e(7^.,•) = + ej. (10) 
It is the generalized Ricci tensor with the following symmetry properties 

depending on Riemannian supermanifolds to be even or odd. A further contraction defines 
the scalar curvature 

7^ = 5^'7^,, e{n)=e{g) (12) 

which, in general, is not equal to zero. Notice that for an odd metric structure the scalar 
curvature tensor squared is identically equal to zero. 

From the Bianchi identity one can deduce the following relation between the scalar 
curvature and the Ricci tensor 

= [1 + (-l)^(^)]7^f,.^.(-l)^^■(^'+^), (13) 

which in the even case is nothing but TZ^i = 2TZ\.j{—iyi^''^~^^^ , i.e. the supersymmetric 
generalization of known relation in Riemannian geometry [7|. In the odd case TZ^i = 0. 
Therefore odd Riemann supermanifolds have constant scalar curvature, TZ = const. 
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